Using the nonperturbative Lanczos recursion scheme an analytic approximation to the groundstate energy of the single-impurity Anderson model is obtained. Calculations are carried out to a 5&5 matrix truncation. Comparisons are made~ith the exact Bethe-ansatz result.
I. INTRODUCTION
In recent years, lanthanides have received a great deal of attention as model systems for the phenomenon of mixed valence. '2 These systems are characterized by localized f orbitals of energy close to the Fermi energy which interact strongly with the conduction band. This occurs when the electronic configurations [4f]" and [4f] "+' are nearly degenerate in energy but are energetically isolated due to the large on-site Coulomb repulsion.
The simplest model Hamiltonian to describe such mixed-valence systems is the Anderson model. 3 This model may describe both the mixed-valence system for a single rare-earth ion or a periodic lattice of ions. In this work we shall look only at the single-impurity Anderson model (SIAM) for which there are a number of exact results. Using the Bethe-ansatz technique, Wiegmann4 demonstrated that the Anderson Hamiltonian is exactly solvable under certain conditions. Kawakami and Okijis extended Wiegmann's work and obtained an explicit expression for the ground-state energy. Their calculations were performed by numerically solving a set of 200-300 coupled integral equations.
Recently, Mancini, Potter, and Bowen6 and Bowen and Mancini applied a finite-matrix numerical truncation scheme to study the ground state properties of the SIAM. For small truncations, 18 x 18, the results of this variational calculations 9 were in close agreement with the exact Bethe-ansatz results. s The nature of the calculation presented in this work is also variational. This approach utilizes an analytic truncation scheme rather than a numerical one. We shall employ the nonperturbative Lanczos scheme (tridiagonalization) ' ' to evaluate the ground-state energy of the SIAM.
A critical first step in this method is the choice of an approximate ground-state wave function [ po) whose overlap with the exact ground state ) yo) is nonvanishing.
As in any variational calculation, the choice of ( po) is a vital determining factor in how rapidly the method converges to the exact ground state. However, maximizing the overlap of the approximate ground-state wave function with the exact wave function must be tempered with maintain-
II. METHOD
The Anderson Hamiltonian3 was first proposed in 1961 to describe magnetic impurities in metals. A recent review of this model is given by Czycholl. ' Tge calculations up to the 4X4 truncation were done manually. An order of magnitude of the number of terms which needed to be evaluated is easily obtained. It is found that the diagonal matrix elements vary with powers of the Hamiltonian as H, H3, H5, H, and so forth. The Hamiltonian given by Eq. (2.1) contains five terms. Thus evaluation of the 4&4 truncation required the analysis of approximately 57 15625 matrix elements. It is clear that this method becomes prohibitive very rapidly. Recently Massano'3 has developed a computer program which evaluates the necessary matrix elements symbolically. This program has served as both a check for the manual calculations as well as to supply the necessary matrix elements for the 5 x 5 truncation.
The paper is organized as follows. In Sec. II we define the Anderson Hamiltonian and outline the Lanczos scheme. This section will also briefly discuss the analytic structure of the tridiagonal energy matrix whose lowest eigenvalues yield an upper bound on the ground-state energy. In Sec. III we compare our result for the ground-state energy to that of Kawakami and Okiji. s In Sec. IV we summarize with concluding remarks. rameter U represents the Coulomb interaction energy between two f electrons at the impurity site and V(k) is the f dh-ybridization integral between the two bands taken in this work to be independent of k. We note similarities between the mixing term appearing in Eq. (2.1) and that which arises in band-structure calculations. In the latter case the transition between d orbitals and the conduction band is treated by introducing the mixing of matrix elements. However, in the present case, the f orbitals are localized for a finite time before hybridization occurs.
We choose our method of calculation to be the nonperturbative Lanczos recursion scheme (tridiagonalization We see that the two results are in good agreement. A more rapid convergence to the exact result would be obtained by increasing the size of the (truncated) basis. This would entail generating a larger matrix M according to (2.2) and determining its eigenvalues. The 5x5 truncation calculated here was performed on an IBM XT-type PC. The storage capacity of such a small machine was taken to its limit by the enormous amount of requisite operator algebra. Any further work would require the speed and memory capabilities of a large mainframe computer.
In Fig. 2 the ground-state energy Ep( " ) is plotted as a function of I/N where N is the dimension of the matrix truncation. Each curve represents different values of the Coulomb repulsion U. We note the rapid convergence as witnessed by the nearly flat tail of each curve. It is evident that those points which would appear on the line where the abscissa vanishes represent our best estimate to the exact ground-state energy.
In Fig. 3 we have plotted the quantity 0.00 hq, (U) IEp""' (U) Ep " (U) I, where r and p represent different truncation sizes. This quantity gives a qualitative measure of the rate of convergence by measuring the energy differences between successive truncations as a function of the parameter U. We see that the curves 534 and 645 are nearly flat and have values less than 0.5. Thus truncating our basis at the 5 &5 level yields convergence to within three decimal places.
Hence we conclude that the large amount. of labor necessary to proceed to higher truncations will not enhance the rate of convergence significantly. This reinforces our observation above that our best estimates for Ep would be that obtained by extrapolation of those curves in Fig. l. IV. CONCLUSION Using the nonperturbative Lanczos scheme we have obtained an analytic result for the ground state of the 5050 BRIEF REPORTS 38 single-impurity Anderson model. The choice of a trial ket po) is dictated primarily by our desire to use a calculationally manageable starting point as well as satisfying the requirement that the ground state be singlet. The amount of requisite algebra dictated by the method rapidly becomes prohibitive for manual calculations and must be performed by computer. The method, which is variational in nature, is not restricted to any particular range of parameter space. We find this to be an advantage over perturbative schemes; however, the enormous number of operator manipulations required with this method warrants careful consideration.
